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Abstract-Leadership is a complex yet fascinating phenomenon
crucial in many application where coordination of multi-agent
systems is involved. This is particularly true in the case of animal
groups and other natural systems including human ensembles
where, for example in orchestras, a leader is often selected to
steer the group towards some desired coordinated behaviour. In
this paper we study the emergence of leadership in networks of
heterogeneous Kuramoto oscillators, which offer a good model
for capturing and describing coordination in human groups
performing a joint oscillatory task. We present a mathematical
framework to establish phase leadership in the network and apply
the results to inform some preliminary experimental results in
human groups.
I. INTRODUCTION
Investigating and analysing the dynamics of a large number
of interacting systems is the subject of much ongoing research
[1], [2]. These systems can be represented through the for-
malism of complex networks where each node is a dynamical
agent, and the edges between nodes model their interaction.
Through this formalism, different application scenarios can be
described such as power grids, decentralised logistics, opinion
formation, wireless communication, synchronisation, vehicle
formation and platooning, as well as genetic and neuronal
networks, see e.g. [3].
In addition to all the aforementioned scenarios, movement
coordination within a group of people engaged in a joint task
represents a perfect candidate to be studied through complex
networks. Examples of human coordination take place in many
daily actions, from simple oral communication, or walking
together in a crowd [4], [5], to more complex and sophisticated
activities as dancing [6], playing team sports [7] or in a musical
ensemble [8].
In many natural multiagent systems such as animal groups
or human cooperation, leadership plays a fundamental role
in determining the success or failure of some desired macro-
scopic behaviour, e.g. from maximizing profit in economics,
to steering opinion dynamics in politics, or playing music and
sport [9]-[11]. Indeed, leaders set the duration and pace at
which organisational processes should take place, supervise
and control coordination among several individuals, raise their
attentional level, and can even affect others through social and
emotional contagion.
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In human groups, leaders are generally selected on the basis
of different features that depend on the particular context of
interest. However, inspiration, effective speaking, confidence,
charisma and friendliness represent some of the characteristics
that define a good leader [11], together with their ability to
make the collective goal of the ensemble, rather than the indi-
vidual interests of its members, the main source of benefit [12].
If leadership in human ensembles has been mostly investigated
in the case of dyadic interactions, only few works have been
found in the existing literature that address the problem of
leadership emergence in larger human ensembles. Some of
the limited results are related to the role of a conductor in
a classical orchestra [13], pedestrian walking [14] and group
dance [6], but only little quantitative analysis is carried out
on how the individual dynamics of the leader or the specific
interaction patterns in the group affect leadership emergence.
Another open question in human behaviour is to understand
whether it is possible to entrain some or all of the members
in the ensemble to promote a desired group behaviour. This is
a problem of great importance and application. For example,
in the context of Rehabilitation Robotics, where one or more
subjects are replaced with virtual agents (avatar or robot), the
virtual agent might be required to specifically act as such,
or drive another member to act as a leader, in order to help
patients recover from their social disabilities [15]-[ 18].
In this work, we tackle analytically the problem of studying
leadership emergence in a network of N > 2 heterogeneous
Kuramoto oscillators connected over different topologies by
defining leadership in terms of the maximal phase lead be-
tween the group of phase locked oscillators. These networks
were shown in [19] to offer a good model to capture and
describe this phenomenon in a group of human players per-
forming a joint oscillatory task. Specifically, we first find
mathematical conditions that allow to predict given random
initial conditions what the node is in the network which will
end leading in phase all the remaining oscillators. Then we
explore the effect of changing the topological structure on
the network in determining what node will be the leader.
Finally, we present some preliminary experimental results
showing how the addition of a virtual leader driven by our
mathematical model in a human group can steer and enhance
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It is worth POIntIng out that studying the dynamics of the
Kuramoto oscillators in the rotating frame corresponds also
to replacing Wi := Wi - n for each ith node in the network.
Since in such frame all the oscillators are still after achieving
phase-locking, equation Eq. 5 can be rewritten as
0= Wi + crioo sin(if!i - ei) (8)
represents the phase of the ith oscillator once all the nodes
phase-lock, A2 > 0 is the second eigenvalue of the Laplacian
of the network, W = [WI, W2, ... , WNY is the stack vector
of all the frequencies, Ilxlle,oo := max(i,j)Ee IXi - xjl, with £,
being the set of the network edges, and 0 < y < ~. In what
follows, we will assume that such condition is always verified.
Once all the oscillators phase-lock, it is possible to study
their dynamics in a moving frame which rotates with angular
velocity n. In such frame, each phase ei := Bi + nt is constant
over time, and as a consequence so are if!i and ri, from Eq. 3.
The constant value of the modulus of the order parameter is
then given by:
which leads to
ei = sin-I ( Wi ) + if!i Vi E [1, N] (9)
crioo
and, according to Definition 1, to the conclusion that
node i leads node j ¢:::::::::} ei > ej (10)
III. LEADERSHIP ANALYSIS
Next, we provide a closed form solution to predict leader
hierarchy in a network of Kuramoto oscillators by simply
knowing the values of the frequencies of the oscillators and
the underlying network topology. We focus on the following
network structures: all-to-all, ring, path and star graph.
A. Complete graph
In the case of a complete graph, Eq. 1 can be simplified as
follows:
N
rJt)ejl/J;(t) = ~ I aikejBdt)
k=l
where 0 :":::: rJt) :":::: 1 measures the synchronization level of
node i with respect to its neighbours (the closer to I, the
better the coordination among them). It follows that:
N
rJt)ej(I/J;(t)-B; (t)) = ~ I aik ej(Bk (t)-B;(t)) (4)
k=l
so that, by comparing the respective imaginary parts, Eq. I
can be rewritten as:
node i is defined as the first leader (the only node followed
by all the others), node j is defined as the second leader, and
analogously for all the remaining nodes.
We define the following complex order parameter for each
node i in the network:
Definition 1 (Phase leadership). We say that node i is the
group leader at time t ¢:::::::::} ¢ij(t) > 0 Vj * i.
Now, we denote q(t) the average phase of the group and de-
fine ¢Jt) := Bi(t)-q(t), and ¢(t) := [¢I (t), ¢2(t), . .. ¢N(t)]T.
Thanks to Definition I, it is possible to define a leader
hierarchy in the network. Specifically, assuming that:
group coordination.
II. PROBLEM STATEMENT
We consider an undirected unweighed network of N het-
erogeneous Kuramoto oscillators [20] with adjacency matrix
A = {aij}:
N
8i (t) = Wi + ~ I aij sin(Bj (t) - Bi (t)),
j=l
where Bi and Wi represent phase and oscillation frequency of
the ith node, respectively, c > 0 the coupling strength among
the oscillators, and aij = 1 if nodes i and j are neighbours
(i.e., they are connected), whereas aij = 0 if they are not.
Letting ¢ij(t) := Bi(t) - Bj(t) and assuming all the phases
and their differences belong to the interval [-n, n] we define
phase leadership as follows
8i (t) = Wi + cri(t) sin(if!i(t) - BJt))
and Eq. 3 leads to the definition of a unique complex parameter
(5) for all the nodes (i.e., it represents the centroid of their phases):
(6)
(13)
(14)
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Vi E [1, N]
ViE [1,N]
N
r(t)ejl/J(t) = ~ I ejBdt)
k=l
i;i := Wi = Wi - n
In the phase-locking regime it is possible to set if! 0 by
appropriately choosing the origin of the rotating frame, so that
equation Eq. 9 can be rewritten as
- I ( Wi )Bi = sin- -
croo
Therefore, by defining the angular velocity mismatch as:
In [21] the authors present a sufficient condition for fre-
quency synchronization (i.e., phase-locking) of an undirected
network of heterogeneous Kuramoto oscillators connected
over a generic topology:
N Ilwlle,oo sin(y) I I
c ~ A2 ' Bio - Bjo :":::: Y
{
8Jt) ~ n
==> IB;(t) _ Bi(t)1 :":::: y Vi, j E [1, N]
where BiQ is the initial value of the phase of the ith oscillator,
n is the mean value of the oscillation frequencies Wi, B;(t)
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B. Star Graph
In the case of a star graph, assuming without loss of
generality that node I is the central one, we find
60504030
t
2010
-WJ. ~ l~
-<.02 = 2.00
l ....... · • -08 = 1.50-Wi = 1.00
• -CO,; = 0.75
········r
....... ........ ...•......... J....... -~=0.50
-<.07 = 0.25
· ·
,
·\\
• ·
,
·
·
•
•
·
o
1
0.8
0.6
0.4
0.2
-0.4
-0.6
-0.8
-1
0
Z"
"5-
-0.2
(15)tfih = Bt Vh E [2,N]
node I is the emerging leader ~ WI = max Wi
iE[I,N]
node I is the emerging leader ~ l;1 = max l;i
iE[t,N]
it follows that
or equivalently
which from Eq. 7 yields:
Fig. I. Relative phases t/J(t) = 8i (t) - q(t) in a network of N = 7
heterogeneous Kuramoto oscillators - undirected unweighted complete graph.
(16) Wi > W j with i > j, Vi, j E [I, N] - c = 2
or equivalently
node I is the emerging leader ~ l;1 = max l;i
iE[I,N] .
Therefore, Eq. 9 can be rewritten for all the peripheral nodes
as:
(18)
where WM and W m represent maximum and minimum value
of the oscillation frequencies of the nodes in the network,
respectively. Initial conditions and oscillation frequencies were
also set such that y = 1 and IWM - wml = 2.25, thus leading
to c = 2 > IWM - wml sin(y) == 1.89.
Following the derivation presented in Sec. lILA we find
BI = 0.64, B2 = 0.39, B3 = 0.14, B4 = -0.11,
Bs = -0.23, B6 = -0.36, B7 = -0.48
which confirms that node I should be expected to lead
asymptotically as observed in the numerical simulations shown
in Fig. I.
B. Star Graph
Next we consider a star graph where node I is assumed to
be the central node. We explore two cases in Fig. 2:
(a). the case where the highest peripheral frequency W2 is
greater than the average oscillation frequency Q;
(b). the case where the highest peripheral frequency W2 is
lower than the average oscillation frequency Q.
Specifically, Fig. 2(a) shows the relative phases between
all the oscillators and the phase of the group when set-
ting the values of the oscillation frequencies Wi so that
2 = W2 > Q == 1.21. Since the initial conditions and the
value of the other oscillation frequencies were also set such
that y = 1 and IlwI18,oo=2.25, and given that the second
eigenvalue of the Laplacian of a star graph is equal to I, we set
c = 14 > N Ilw lie;,,, sine")') == 13 .25 to guarantee phase locking.
As predicted by our analytical findings reported in Sec. III.B,
achieved. Specifically, given that in a complete graph ,h = N,
from Eq. 6 it follows that:
c> IWM - wml sin(y), IBio - Bioi ~ y
{
8;(t) ---7 Q
===> IB;(t) _ Bi(t)1 ~ y Vi, j E [1, N]
(17)Vh E [2,N]
C. Path Graph and Ring Graph
The analysis for complete and star graphs can be extended
to the case of a path or ring topology but it is not reported
here for the sake of brevity.
{
the central node is the emerging leader
~ l;p < 0 (i.e., wp < Q)
node p is the emerging leader
~ l;p > 0 (i.e., w p > Q)
This means that a leader hierarchy takes place among the
peripheral nodes, where node h leads node m if the oscillation
frequency of the former is greater than that of the latter,
Vh, m E [2, N], with h "* m. As a consequence, we find
that the leader in a star graph is either the peripheral node
with the highest frequency among them or the central node.
Denoting with p the index of the peripheral node with the
highest frequency, we have that:
IV. NUMERICAL SIMULATIONS
A. Complete graph
We consider an all-to-all network of N = 7 heterogeneous
Kuramoto oscillators starting from random initial conditions
between -0.8 and 0.8. Each oscillator is assigned a natural
frequency given in the inlay in Fig. I where it is shown that
at steady state a leadership hierarchy emerges with node I
(the fastest) leading on all the others in phase. Note that the
coupling strength c was set so that phase-locking could be
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Fig. 2. Relative phases </>(t) in a network of N = 7 heterogeneous Kuramoto
oscillators - undirected un weighted star graph. Node I is the central node,
while node 2 is the peripheral with the highest oscillation frequency - (a)
UJ2 > n, c = 14; (b) UJ2 < n, C = 43 (b).
the emerging leader in the network is the second node, that is
the peripheral one with the highest oscillation frequency Wi.
Fig. 2(b) shows numerical results obtained when setting the
values of the oscillation frequencies Wi so that 2 = W2 <
Q "" 2.32. Since the initial conditions and the values of the
parameters were set such that y = 1 and IlwI18,oo=7.25, we set
c = 43 > NllwllttSin(y) "" 42.7 to guarantee phase locking. As
predicted by our theory, the emerging leader in the network is
now the central node (i.e., node 1).
(b)
Pg = 0.7849 ± 0.1159
(a)
Pg = 0.6479 ± 0.1249
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Fig. 3. Network topology implemented without (a) and with (b) virtual player
with the relative Pg := J1 ± (T. Each human player is represented by a circle,
while the virtual player by a square.
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